Irrational Exuberance: Correcting Bias in Probability Estimates.
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A  Proof of Theorem 1

We begin by computing the derivative of the loss function,

L(z) = LE@pi) — 2E(pilps) + 1 2 <05
T E@RR) - cZpBEili) + () @ > 05,
We have
0L | —HEW@lp:) + ZEpilpi) r <05
0r | f2pEWR) - AR EMR) + 2p @ > 05
—E(p?|pi) + 2E(pilpi) r<0.5
{E(P?’ﬁi) — E(pi|pi) + (1 — E(p;|p;)) x> 0.5.

Note that L is a continuous function. If E(p;|p;) < 0.5 and z* = E(p?|p:)/E(pi|pi) < 0.5 then
algebraic manipulations show that OL/Jz is negative for all + < z* and positive for x > z*.
Hence, pjo = «* = E(pi|pi) + Var(pi|p;)/E(pi|pi;) minimizes L. Alternatively, if E(p;|p;) < 0.5 and
x* = E(p?|pi)/E(pi|pi) > 0.5 then OL/dx is negative for all x < 0.5 and positive for all x > 0.5, so
L is minimized by p;p = 0.5.

Analogous arguments show that if E(p;|p;) > 0.5 and 2* = E(p?[p;)/(1 — E(pilpi)) > 0.5,
then OL/0x is negative for all < z*, zero at x = z* and positive for = > z*. Hence, pjp =
x* = E(pi|pi) + Var(pi|pi)/(1 — E(p;|p;)) will minimize L. Alternatively, if E(p;|p;) > 0.5 and
v* = E(P?p:)/(1 — E(pi|lpi)) < 0.5 then OL/0z is negative for all x < 0.5 and positive for all
x > 0.5, so L is minimized by p;p = 0.5.

To prove the second result, first suppose E(p;|p;) < 0.5 and p;p < 0.5, in which case L(p;) =

= —p\2 | - - .
1 — E(p}|pi)/p- Now let L(pj) = E <<p2p;pl> |pz‘> = ﬁE(P%\pi) — 7 E(pilpi) + 1. Note that

L(p}) < L(p}) with equality for p} < 0.5. Hence,

. (1 1 2 ) /1 1)\?
L(p) — L(pio) > L(p}) — L(pio) = EW{|p:) | =5 + = | — 5 E(pilpi) = E(p}|p:) <, - ) :
p; i0 p; D;  DPio

Now consider the case E(p;|p;) < 0.5 and p;o = 0.5. Note that this implies 2E(p?|p;) > E(pi|p:)-
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If p; < 0.5, then
/ o<y [ 1 (1 oo (1 1Y)?
L(pi) = Lpio) = EWi|pi) | —5 —4) = 2Bilpe) ( — —2) = E@ilp) ( — — 55 ) -

Also note that

Alternatively, if p, > 0.5, then

2
L(p}) = L(pio) = L(1 = p}) = L(pio) = E(w;[5:) <_1 - 1) :

1 1)\?2 1 1)\2
- = > - = .
1—p, 05) = \p, 05

Consequently, we have shown that

Observe that

7

L(pi) = L(pio) = E(pi|pi) max (B - 015] : [1—1p - 015] 2)

when E(p;|p;) < 0.5 and p;o = 0.5.

Thus, we have established the result for the case E(p;|p;) < 0.5 Finally, consider the case
E(p;i|p;) > 0.5. The result follows by repeating the argument from the case E(p;|p;) < 0.5 while
replacing all of the probabilities with their complements, i.e., by replacing p;, pio and p} with 1 —p;,
1 — pjo and 1 — p}, respectively.

B Proof of Theorem 2 and Corollary 1

Throughout the proof, we omit the subscript 4, for the simplicity of notation. We let f5(p|p) denote
the conditional density of p given that the corresponding true probability equals p, and define
fx(x|p) by analogy for the random variable X = log(p/[1 —p]). We will slightly abuse the notation
and not distinguish between the random variable and its value in the case of p, p and 7.

According to model (1), we have f3(plp) = B(p/v*,(1 — p)/v* )" 'pP/ V"1 (1 — p)-p)/r—1
where B(-) denotes the beta function. Hence, writing B for B(p/~v*, (1 — p)/v*), we derive

~ p - ~ * ~
log(f3(Plp)) = —log B+ <,y* - 1) log p —log(1 —p)] + (1/7" — 2) log(1 — p)
= —logB+nz+(1/7" —2)log(1 —p) (34)
where 1 = % —1and z =log lﬁ 5 Standard calculations show that
efl’
= ~(D —_— = ~(D D 1 — D . 35
fx(zlp) = f3(plp) e f5(lp)p(1 — p) (35)



Note that log(1 — p) = —log(1 + €*), and hence

log(fx(zlp)) = —logB+nw—(1/7"=2)log(1l+€”) + 2 — 2log(l + ¢*)
= —logB+nx+x—1/y"log(l+ e”)
= —logB+nz+1,(x),

where [ (x) =z — 1/7"log(1 + €*).
Consequently, we can apply Tweedie’s formula (Efron, 2011) to derive

E(p/v" = 1|p) = E(nlz) = vx(2) — l(z) = vx(z) =14+ —
where vy (z) = (dfx(z)/dz)/fx(z) and fx is the density of X. This implies

E(plp) = p + v vx(x).

In addition, we have

dfx (x) dfs(p) dp  e” _e%(1+e%)? —2e27(1 4 %)
= ~ 4 \2 + fﬁ(p) 4
dx dp dx(1+e%) (1+ev)
WG (¢ N\ e -
i \Trer) TP a i
Using the unconditional analog of formula (35), we derive
_ dfx(x)/dx
vx(z) = ()
dfp(D)/dp  €” 1—e*

() (A4e?)?  14et
= v(P)p(1 —p) +1-2p,

where v;(p) = (df3(p)/dp)/ f5(p). Thus,
E(plp) = p+~"(p(1 = p)vp(p) + 1 — 2p).
Similarly, again by Tweedie’s formula,

Var(p/y" = 1p) = Var(ylz) = vk (z) — lj(2) = vk (z) + 71(14:)2 = @)+ ﬁ(lfy: .

which implies
Var(plp) = v*p(1 — p) + v vy (x).

Noting that
v (2) = p(1 = p)[v(B)p(1 — B) + vs(B)(1 — 2p) — 2],




we derive
Var(plp) = v**p(1 — p)ws(P)F(1 — p) + vp(P)(1 — 2p) — 2] +v"B(1 — p).
If we define ¢*(p) = p(1 — p)vs(p), then

E(lp) = p+7"(9(®)+1-2p)
Var(plp) = (1 —p) +v**B(1—p)[d'(B) — 2.

This completes the proof of Theorem 2.

Finally, we establish some properties of ¢*(p) and prove Corollary 1. We denote the marginal
density of p by f. First note that g(1—p) = —p(1—p)f' (1 —plp)/f(1 —p|p). If h(p) represents the
prior density for p, then

1
£(5) = /0 Ble, 8)" 5% (1 - )°h(p)dp. (36)

Because function h is bounded, differentiation under the integral sign is justified, and hence

1
1) = [ Bla.p) {la— 020 -5 - -0 -5, (67)

where o« = p/~v* and 5 = (1 — p)/v*. Substituting p* =1 — p we get
1
f0=9) = [ B35 0= (= )" = )
and
1
F-p) = /0 B(8,0) (o= 1) 21— )" = (B 1) (1= )72} h(1L - p")dp* = F(5),

provided h(p) = h(1~p). Hence, g*(1—5) = —p(1 —5)f(5)/(5) = —g"(5). By continuity of ¢*(5)
this result also implies g*(0.5) = 0.

To complete the proof of Corollary 1, we note that under the assumption that the distribution
of p; is symmetric, the conditional expected value E(p;|p;) lies on the same side of 0.5 as p;.

C Proof of Theorem 3

As before, we denote the marginal density of p by f. First, we derive a bound for ¢g*. Note that
—-1<a-1< 7—1* and, similarly, —1 < g —-1< 7% Hence, by (36) and (37),
. D - _ e N .
B URAPT fo)<p(L=p)f'(p) < {1 —p)¥ +5) f(P),
which implies
(38)



Next, note that

lim (1 —5)f(p) = 0  and (39)
lim 5(1 ) f(5) = 0. (40)

Observe that

)

R(g(p) = E((9(P)—9"(1))

(6)* — 2B {9(p)g" (B)} + C

g

., PO
o2 -2 | {g<p>p<1 5 f@)}ﬂp)dpw
g(p p)p(1 —

FE

D

= F
1

E P~ DEGI+2 [ (o)1~ 25)+ 51 - D B)) S ) + €

_9

5 2
1

— Eg(p)?+2 /0 91— 26) + 51— p)g (7)] F@)d5 + C (41)

where C' is a constant that does not depend on g, and the second to last line follows via integration
by parts. Note the last line holds when g is bounded, because by (39),

Lim g(p)p(1 = p)f(p) =0,

and by (40),
lim g(5)p(1 ~ )f(5) = 0

In particular, due to the inequality (38), the relationship (41) holds when g is the true function g*.

D Proof of Theorem 4

We write Gy for the class of all natural cubic spline functions g on [0, 1] that correspond to the
sequence of n knots located at the observed pi- Given a function g, we define s4(p) = 2[ ( p)(1 —

2p)+p(1 p) ( )] and I2 fO // de We also denote (1/n) Zz:lg (pl and fO (ﬁ)dﬁ
by |lg||2 and | g|?, respectlvely

By Lemma 1 in Appendix I, there exists gi € Gy, such that ||gi — g*||> = Op(A2) and
13— g2+ X212(3) < Op (n7 75— i) + Op (n™71(3) ) + Op (™7 + 2Z).
We consider two possible cases (a) n™471(g) < n=?7||g— g || +n~47+ X2 and (b) n=71(g) >

n=2g = gyl + 07T+ A%
Under (a) we have

19— il + A212(9) < Oy (n™73 = gicll) + Op (07 + A2). (42)

It follows that [|g — g&|| = Op(n™2/7 + \,) and I%(§) = O,(n~*/7\;% 4+ 1). However, taking into
account the case (a) condition, we also have I?(§) = O,(n*7A2 4 1), thus leading to I(§) = O,(1).



Under (b) we have
19— gxll? + N21*(9) < Oy (n=*/71(g) ). (43)

It follows that 1(§) = Op(n=*7);2) and ||§ — gi|| = Op(n=47"A1).
Collecting all the stochastic bounds we derived, and using the fact that f* is bounded away
from zero, we deduce

19— gnll = Op(™ AT 407 T4 Ay) - and - 1(9) = Op(1 407N
Using the bound ||g& — g*[|* = O,(A\2), together with the definitions of r,, and s, we derive
19 =9I =0pra)  and 1G5 g") = Op(1+n""TN2). (44)

Applying Lemma 10.9 in Van de Geer (2000), which builds on the interpolation inequality of Agmon
(1965), we derive ||’ —g*'|| = Op(y/Tnsn). This establishes the error bounds for § and g’ with respect
to the || - || norm.

To derive the corresponding results with respect to the || - ||, norm, we first apply bound (50),
in which we replace g3 with g*. It follows that

19— g"12 = 13— 91> = (Pa = P)lg — 9" = 0 (5 — 9"I*) + Op (n P25 - 4")),

where we use the notation from the proof of Lemma 1. Because bounds (44) together with the
—8/21 imply

1§ — g*) = O(n—4/7n16/21> _ O(n4/21),

assumption A, > n

we can then derive
19— 9°12 = 03— g"I12) + Op (n~13/2).

Because r, > n~2/7, we have r2 > n~13/21. Consequently, ||§ — ¢*||2 = O(r2), which establishes
the analog of the first bound in (44) for the || - ||, norm.
It is only left to derive ||§’ — ¢*'||n, = Op(\/TnSn). Applying Lemma 17 in Meier et al. (2009), in

conjunction with Corollary 5 from the same paper, in which we take v* = 2/3 and A = n=3/1 we
derive

(P = PG = g = 0y (/4113 = g2 + 0T 12(5 ~ g ).
Consequently,

15 = 9712 = 0, (15" = 5”I17) + Op (n™/" 125’ ~ ™).

Taking into account bound (44), the definition of s, the assumption A, > n~8/21

—2/7

and the inequality

Tn >N ,we derive

n_9/1412(g’ — gy =0, (n_g/Msi) -0, (n_19/423n) =0, (Tnsn)'

Thus, ||’ — ¢*'|2 = Op(||§" — ¢*'||> + Tsn) = Op(Tnsy), which completes the proof.



E Proof of Theorem 5

We will take advantage of the results in Theorem 6, which are established independently from
Theorem 5. We will focus on proving the results involving integrals, because the results for the
averages follow by an analogous argument with minimal modifications.

We start by establishing consistency of p. Fixing an arbitrary positive €, identifying a positive €
for which P(0,¢€) + P(1 —¢,1) < &/2, and noting that p and po fall in [0, 1] for every p, we derive

1—e
Ip-mlP <e/2+ [ 166) - mlE)F B,
By Theorem 6, the second term on the right-hand side of the above display is 0,(1). Consequently,
P(Hﬁ—pon > €> —0 as n— oo

As the above statement holds for every fixed positive €, we have established that ||p — po|| = op(1).
We now focus on showing consistency for W. Note that

(%) + 62 (D))?/ 12 (D) = [2(D)5 (P)? /(3 ()] = 46 (B)-
Thus, the definition of p implies p?(p) > 62(p) A0.25, and also p(p) > () A0.5, for every p € (0, 1).
Writing p for the true probability corresponding to the observed p, we then derive
—5(5))2H - . -
= B0 002 2 ) - e
W(p) - D ([~ S D [~ (=
P*(p) P*(p) P*(p)

5°6) = 2@, [1(5) =~ 1)
S )

By Theorem 6, we have ||62 — 02| = Op(\/Tnsn) = 0p(1) and || — p|| = Op(\/Tnsn) = 0p(1). Fix
an arbitrary positive € and define A = (0,¢) U (1 —¢,1). Applying the Cauchy-Schwarz inequality,

+7. (45)

and using the imposed technical modification of the ECAP approach to bound 2 below, we derive

/A |62(]§O}_2_(ﬁ§2(ﬁ)|f*(ﬁ)d]5 < [PA€]1/2 Hi2 ;anH _ [PAg]l/QOp(l) _ Op(€1/2).

Similarly, we derive

52(p) A 0%

Note that |Wy(p)| < 1 for every p. Thus, combining the bounds for the terms in (45) with the
corresponding bound for |W — Wp| in Theorem 6, we derive

1
/0 W () = Wo()| f*(B)dp = Op(€'/?) + 0p(1).
As this bound holds for every positive €, we deduce that fol ‘W(ﬁ) - Wo(ﬁ)‘f* (p)dp = op(1).

7



F Proof of Theorem 6

We build on the results of Theorem 4 to derive the rate of convergence for i and W for a fixed
positive e. Continuity and positivity of u(p) and po(p) imply that both functions are bounded
away from zero on the interval [e,1 — €]. Applying Lemma 10.9 in Van de Geer (2000), we derive
G — 9"l = Op(ri/‘ls,%/zl). Because n %21 < )\, < 1, we have ||§ — g*|loo = 0p(1), which implies
suppe,1—¢q |4(P) — w(P)| = 0p(1). Also note that p(p) > fi(p) for all p. Consequently, there exists an
event with probability tending to one, on which random functions p(p) and fi(p) are bounded away
from zero on the interval [e,1 — €]. The stated error bounds for p then follow directly from this
observation and the error bounds for g and §’ in Theorem 4.

For the remainder of the proof we restrict our attention to the event A (whose probability tends
to one), on which functions py and p are both bounded away from zero on [e, 1 — €¢]. We write p for
the true probability corresponding to the observed p, define G(q) = E[(p — ¢)?/¢*|p] and note that
G'(q) = 2(q — p*)E(p|p)/q>. Let p* be the minimizer of G, given by p* = E[p|p] + Var[p|p]/E[p|p]-
Denote by p* our estimator of p*, which is obtained by replacing the conditional expected value
and variance in the above formula by their ECAP estimators. While p* and p* depend on p, we
will generally suppress this dependence in the notation for simplicity. Note that for p € [e,1 — €],
functions p* and p* are both bounded away from zero on the set A.

Fix an arbitrary p < 0.5. Define events A; = AN{p* < 0.5,p* < 0.5}, A2 = AN{p* > 0.5,p* <
0.5}, A3 = An{p* < 0.5,p* > 0.5} and Ay = An{p* > 0.5,p* > 0.5}. Note that Ay implies
p = po = 0.5. Writing Taylor expansions for function G near p* and 0.5, we derive the following
bounds, which hold for some universal constant ¢ that depends only on e:

|G(p*) = G()| 1,y + |G(0.5) = G(5")|1{az) + |G(27) — G(0.5) |14,
c(p* — 9 1payy + (0.5 = )1 ayy + c(p* — 0.5)*1ayy
c(p* —p*)*.

(Wo(B) — W (5)| 114y

*

IA A

Analogous arguments derive the above bound for p > 0.5. The rate of convergence for W then
follows directly from the error bounds for § and ¢’ in Theorem 4.

G Proof of Theorem 7

Throughout the proof we drop the subscript ¢ for the simplicity of notation. First note that the
derivations in the proof of Theorem 2 also give E(y*a|p) = pu and Var(y*alp) = o2, where p and
o2 are respectively defined in (8) and (9). These identities hold for both the unbiased and biased
versions of the model. The only difference is in how ~*« relates to p. Note that

E(plp) = E(h(y*a)[p) = (1-0.50)E(y*alp) — 0[E(y**a®[p) — L5E(y*a?(p)]
= (1—0.50)u — 0[s3 + 3uc® + u® — 1.50% — 1547, (46)

where we use s; to denote the k-th conditional central moment of v*« given p. By Lemma 2 in
Appendix I, the s3 term in (46) is 0(7*3/ 2), which leads to the stated approximation for E(p|p).
We also have

Var(plp) = Var(h(v*a)|p) = (1 — 0.50)*0* + fa,



where a = Var(y*3a® — 1.57*2a2(p) — (1 — 0.50)Cov(v*a, v*3a® — 1.5y*2a2|p). It is only left to
show that a = O(v**/2). A routine calculation yields

6
a = o2[3u(1 — p)(30p(1 — 1) — 0.50 + 1)] (Za +sk).
k=3
By Lemma 2, the remainder term is O(y**/?), which completes the proof.

H Proof of Theorem 8

We use the notation from the proof of Theorem 2. In particular, we omit the subscript ¢ through-

out most of the proof, for the simplicity of the exposition. We represent p as Zszl Iiz—1yEks

where &|p ~ Beta(ay, Bk),ar = ckp/v*, B = (1 — ckxp)/7*, and T is a discrete random variable

independent of p and &, whose probability distribution is given by P(Z = k) = wy for k =1, ..., K.
Note that

1— 1 ¢ 1—c
B(Ckp Ckp) pkp 1(1_ )7“’ 1

vy

Hence, writing B for B ((f;cf , 1;2’“17 ), we derive

) log(1 - )

e ) i
P 1og(1 — p) — log(1 — p)

- CLp - 1-
log(fe, (Plp)) = —log B + ( j* ) logp + ( :

1
= —logB—i—%logﬁ—logﬁ—i-
Y

c D .1 - _
—log B +p,7'i log ( fﬁ) —logp + glog(l —p) —log(1 - p)

1

—logB—i-nm—logﬁ—i—( 7 >log(1—13),

where we’ve defined n = pf/—i and x = log (ﬁ/ [1— ﬁ}) Repeating the derivations in the proof of
Theorem 2 directly below display (34), we derive

E(plg = 5) = — [v* (g*(ﬁ) +1- 215> +z5]
Ck
Var(plés = 5) = Cll%[v*z (50 = D)9 (B) ~2) +75(1 - 7)) .
Consequently,
E(plp, T =k) = E(pl&r =p) = [7 ( (p)+1- 2p) }
47
Var(plp, T = k) = Var(plé, = ) = 01,3[7*2 (50 =5 (B) = 2) + 731 - 5) )| "



Applying the law of total probability and using the fact that Z and p are independent, we derive

K
k -
E(plp) = E wipE(p|p, T = k) ZE Ck[( +1*2p)+p}.
k=1 k=1

S

By the law of total variance, we also have

Var(plp) = > wiVar(plp,Z =k)+ > w2 (plp, T = k) — [ wiB(p|p, T = k)]’

k=1 k=1 k=1
K w K w
k‘ *x2 ~ ~ ES ~ * ~ ~ * k
= D [ =p)(g"(B) = 2) + 71 = p)] + [ (¢"(B) + 1 25) + ] Zcfg—
k=1 "k k=1 "k

To complete the proof, we use formulas
pi =P+ B:) +1-2p] and o =v"Bi(1 — i) + i1 - p)lg” (Bi) — 2]

to rewrite the above expressions as E(p;|p;) = 1 Zle wy /¢ and

WE szk 2Kwk Kwk 2Kwk2
Var(pilp) = >~ 507 mZCi—ui(Z%) ﬂ%ZT—ui(Zg)-

C
=1 Ck k=1 k=1 k=1 k k=1

=

I Supplementary Results

Lemma 1 Under the conditions of Theorem 4, there ezists a function gy € Gy, such that ||gn —
9|1 = Op(X%) and

19— il + A21%(5) < Op (075 = gicl) + Op(n=4/71(3)) + Op (™7 + 22).

Proof of Lemma 1. We will use the empirical process theory notation and write P,g and Pg for
(1/n) 3" g(pi) and fol 9(p)f*(p)dp, respectively. Using the new notation, criterion (14) can be
written as follows:

Qn(9) = Pag® + Pusg + An1%(9)-

As we showed in the proof of Theorem 3, equality Pg? + Psg = ||lg — g*||? holds for every candidate
function g € Gy. Consequently,

Qn(9) = llg — g*II> + (P — P)g* + (B — P)sg + A2I(g).

Let gy be a function in Gy that interpolates g* at points {0, p1, ..., P, 1}, with two additional
constraints: g¢3’'(0) = ¢*'(0) and ¢%'(1) = ¢*/(1). A standard partial integration argument (sim-
ilar to that in Green and Silverman, 1993, for example) shows that I(g3) < I(g*), which also
implies that g% is uniformly bounded. Furthermore, we have ||g% — g*|lc = Op(log(n)/n) by the
maximum spacing results for the uniform distribution (Shorack and Wellner, 2009, for example),
the boundedness away from zero assumption on f* and the boundedness of g%’. Consequently,

gy — g*[I* = Op(A2).

10



Because Q,(9) < @Qn(gy), we then have

19— gnlI> + A2T2(§) < (Pu — P)lgh® — %1+ (Pa — P)[sgy, — 5] + X2[(gn) + 1]. (48)
Note that
(P — P)lgn? — 3] = —(Po — P)[§g — gv]* — (Pn — P)gi[g — gx]- (49)

Applying Lemma 17 in Meier et al. (2009), in conjunction with Corollary 5 from the same paper,
in which we take v = 2/5 and A = n~'/2 we derive

(P = P)lgy — 3* = Op (7513 = gxc ) + Op (071 12(5 — gi) ). (50)

Applying Corollary 5 in Meier et al. (2009) with the same v and A yields

(o = P)aivld — 9] = Op (2 gk [d — g2 + n=9/512(g[g — g3 ]) ).

Using Lemma 10.9 in Van de Geer (2000) to express the Ly norm of the first derivative in terms of
the norms of the second derivative and the original function, we derive

(P = P)gic[g — gi] = Op (0215 = gicll) + Op (n™°1( - gi) ). (51)

Applying Corollary 5 in Meier et al. (2009) with v = 2/3, A = n~%/* and using Lemma 10.9 in
Van de Geer (2000) again, we derive

(P = Plsgs, = s3] = Op (07 lsgs, = 55l ) + O (n™*/71(5 = gi))-

Hence, by Lemma 10.9 in Van de Geer (2000),

(B = P)lsgs, — s3] = Op (/711 = g |21Y2(5 = g3) ) + Op (0715 - 930)),

which leads to

(P = P)lsgs, = s3] = Op(n™71lg = giv|) + Op (n=71(9)) + Op (In™"1(35))  (52)
Combining (48)-(52), and noting the imposed assumptions on A, we arrive at
19— g2 + X212(3) < Op (0775 = gicll) + Op (n71(@)) + Op (™7 + 22),

which completes the proof of Lemma 1.

Lemma 2 Under the conditions of Theorem 7,
2 * _ *3/2
o =0("") and s =07, for k> 3.

Proof of Lemma 2. We first show that E(t—p|p) = O(v/7*) as v* tends to zero, where we write ¢
for the quantity ay* = h;l(p). This result will useful for establishing the stated bound for sy.

11



Throughout the proof we use expression 2 to denote inequality > up to a multiplicative factor
equal to a positive constant that does not depend on 7*. We use an analogous agreement for the <
expression. We write f.(p) for the conditional density of p given t = ¢, write f(p) for the marginal
density of p, and write my(t) for the marginal density of ¢. In the new notation, we have

1

E(jt — l[p) = / 1t — BlAB)me () ()] dt.

0

Using Stirling’s approximation for the Gamma function, I'(z) = e~%2*~1/2(21)Y/2[1 + O(1/x)],
and applying the bound zI'(x) = O(1) when ¢ is close to zero or one, we derive the following bounds
as 7 tends to infinity:

1
VIB(=3lD) = [ VAt Bl o))
0

1
< / N —ﬁ\/];—ﬂ[ﬁ/t]”(d/q)qﬁ/@me(t) ) g e

< / vt —ple T v,
Implementing a change of variable, v = \/7(t — p), we derive

VAIE( - l)| g/yv|e—v2/18dv_0(1).
R

Consequently, E(t — p|p) = O(1/y/T) = O(v/7).
We now bound E([t — 13]2‘ 15) using a similar argument. Following the arguments in the deriva-

tions above, we arrive at

1
rE(t — /T ~H5E Srmg(t)dt.
0

Implementing a change of variable, v = \/7(t — p), we conclude that

rE(it - 1p) 5 [ e a0 = 0.

R
Thus, we have established
E(t - p*[p) = O(*?), for ke {1,2}. (53)
Analogous arguments lead to bounds F ( [t — ‘p) O(y *3/ 2) for £ > 3. We complete the proof
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of the lemma by noting that
sp = O(E([t —;5}’“‘;5)) +0(y?), for k>2.

When k = 2 the above approximation follows from o2 < E( [t — ]5]2| 13), and when k£ = 3 it follows
from (53) and

55 — E([t—p]?”p‘) +3E([t —ﬁ]Q‘ﬁ)E<ﬁ—t‘ﬁ> +3E<t—ﬁ‘ﬁ)E2<]§—t‘ﬁ) +E3(ﬁ—t’p‘>
- E([t—ﬁ]3‘ﬁ)+0(7*3/2).

The derivations for k > 4 are analogous.
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